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Abstract

The quad-tree structure has often been used
to decompose an image into regions of different
size based on image properties. In quad-tree
structure, one patch might be attached more than
four nodes and three types of nodes may be
generated. In this paper, we derived a
closed-form control rate formula for each type of
nodes. For the image warping starting from a
non-regular mesh to a target non-regular mesh,
we proposed a novel indirect method in which an
intermediate regular mesh is inserted. By this
method, the image warping starting from either a
regular or a non-regular mesh to a target mesh
can be accomplished by using the derived
closed-form control rate formula with/without
inserting a regular mesh between the starting
mesh and the target mesh. Thus, the control-rate
formula we derived offer a closed-form solution
for image warping of mesh in quad-tree
representation.  Experiments  showing that
high-quality video can be reconstructed by using
our proposed method.

Keywords: quad-tree, mesh, image warping.

1. Introduction

Motion compensation is used to reduce
temporal redundancy in video compression and
the block-matching algorithm (BMA) is the most
popular technique used for motion estimation.
But there are some drawbacks in BMA: 1) it
cannot handle image rotations and scaling and 2)
it cannot preserve the neighboring relations
between the blocks, resulting in blocking artifacts
[10]. A new motion compensation method named
“Mesh” was developed in MPGE-4 to overcome
the drawbacks in the BMA and offer high
compression rate. In the mesh-based coding
scheme, motion compensation within each mesh
element is accomplished by more general spatial
transformation related to the geometry of the
mesh element [1, 2, 4, 7, 11]. The mesh method
synthesizes image transfiguration /deformation
with the motion trajectories of the node in the
mesh thus offers a mechanism for video
compression.

There are many ways to decompose an
image into regions of different size based on
image properties. For simple and regular
implementation, quad-tree decomposition is a
good choice. One patch might be attached more
than four nodes after quad-tree decomposition.
Therefore, a patch may be deformed from a
rectangle to a polygonal. In this paper, we present
a closed-form solution for image warping of
mesh in quad-tree representation. We solved this
problem by utilizing the concept of “control rate”
at each node. There are three types of nodes
generated. The warping effect caused by the
“control rate” for the each type of nodes is
derived and expressed in a closed form.

By this method the image warping from a
regular mesh is simply accomplished by using
the control rate of each node. For the image
warping starting from a non-regular mesh to a
target non-regular mesh, we proposed a novel
indirect method in which an intermediate regular
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mesh is inserted and thus the warping can be
accomplished by using the control rate formulae
for the regular mesh.

The remaining sections of this paper are
organized as follows. In section 2, an overview of
mesh representation and quad-tree decomposition
is presented. We drive the control rate formula
used in the warping process for three types of
nodes in section 3. Section 4 presents the
outcomes of our simulations. Section 5 gives the
conclusion.

2. Overview of Mesh Representation

2.1 Definition of 2D Mesh

Mesh is the generic term to describe a
geometrical partition of an image domain into
polygonal  elements (e.g., triangles or
guadrangles). A mesh is like a network that is
represented as a collection of the same types of
polygons, each polygon is named “patch”, and
the vertexes of each polygon are named “node”
[4]. A deformable mesh is a time-varying mesh in
which each patch deforms in time while still
forming a non-overlapping and complete
covering of the underlying image domain as
shown in Fig. 1. The displacement of a node
controls the deformation of its associated patches.
The deformation or mapping function over the
entire mesh is interpolated from nodal trajectories
in an element-by-element manner.

In the deformable mesh representation of an
image sequence, a mesh is constructed for each
frame in the sequence such that a mesh covers
each frame. The mesh of the reference frame is
deformed to generate a predictive frame that will
match the objective frame as well as possible.

In general, two approaches to the selection
of grid points from which frame can be taken. In
the first approach, the grid points are selected
from the previous frame and the motion is
estimated by finding their best matches in the
current frame. This scheme is referred as forward
warping. In the second approach, the grid points
are selected from the current image. The motion
is estimated by finding the best match for these
points in the previous frame. This scheme is
referred as backward warping [5, 6, 8]. Fig. 2
illustrates the forward warping and the backward
warping.

2.2 Quad-Tree Decomposition

The quad-tree structure has been frequently
used for video processing and image compression
[13]. Quad-tree decomposition recursively
decomposes a rectangular image region into four
guadrants (patches) and continues decomposing
each of these quadrants (patches) into four
sub-quadrants (sub-patches) until each sub-patch
lives up to the non-decomposition condition. At
the time when a patch is divided into four
children-patches, the layer number of these
children-patches is numbered as one plus the
layer number of the parent patch. As shown in
Fig. 3, after decomposition there are four old
nodes and five new nodes in the original patch.
The layer of these new nodes is defined as the
same with that of the sub-quadrants. Fig. 4
illustrates a mesh in quad-tree representation.

3. Image Warping

Image warping from a regular mesh
presented is accomplished by using the control
rate of each node. But the calculation of the
control rate of a node in a non-regular mesh is
more complicated and an analytical formula is
hard to obtain. In this paper, the image warping
from a non-regular mesh is accomplished through
an indirect method as follows. Fig. 5(a) showed a
non-regular mesh and its deformed mesh, in
which the image texture of the former is warped
to the latter. The indirect method we proposed is
illustrated in Fig. 5(b). Firstly the texture of an
intermediate regular mesh is obtained from the
Nth frame by backward warping that using the
control rate of the intermediate regular mesh.
Then the texture of the intermediate regular mesh
is forward warped to produce the texture of the
(N+1)th frame by using the control rate of the
intermediate regular mesh. In each of the above
two warping process, a regular mesh is always
involved and therefore can be accomplished by
using the control rate formulae for the regular
mesh.

3.1 Three Types of Nodes

A node is associated with a motion vector
and a control polygon which is the union of the
rectangles that join the node. A node controls the
deformation of the patches within its control
polygon. The control polygon of a node is
affected by the quad-tree decomposition process
[3, 13]. Three types of nodes are defined in the
mesh: the general node (GN), the special node
(SN) and the boundary node (BN) [3]. As shown
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in Fig. 6, nodes in white are the GNs, nodes in
black are the SNs and nodes in gray are BNs. A
GN has four patches joining the node and the
node is at the vertex of these patches. The four
patches joining the node are of the same size.
When the location of a node is on the boundary
of an image frame and only one or two patches of
the same size joins the node, the node is also
defined as a GN. A SN is jointed by four patches
of different size. When the location of a node is
on the boundary of an image frame and only two
patches of different size joins this node, the node
is considered as SN. A BN has three patches
joining the node and the node is located at the
vertex of two patches and at the boundary of the
other patch.

3.2 Bilinear Transformation for Image

Warping

A spatial transformation defines a mapping
relationship between a pixel position in the input
and the corresponding one of the output image.
The bilinear transformation functions is given by
T.(xy)=axy+a,x+a,y+a,
T, (X, y)=bxy+b,x+b,y +b, M
where a;~a, and b;~b, denote the eight
parameters of the transformation function. Since
there are eight degrees of freedom, this
transformation is used in a quadrilateral patch [6,
10]. Fig. 7 illustrates the bilinear transformation
in which the vertexes (Xa,Ya), (X8,¥8), (Xc,Yc),
(Xp,yp) of a quadrilateral patch of the Nth frame
are mapped to (X’ay’a), (X’sY's), (XcYo),
(X’p,y’p) of the (N+1)th frame by forward
warping. We can use these corresponding points
to solve the eight parameters of Eq. (1). Then the
bilinear transformation function Eq. (1) can be
used to calculate the mapped position for each
pixel within the quadrilateral patch after the
parameters of the equation have been solved. But,
it is hard to solve these parameters. Fortunately,
we can change the viewpoint from the position of
each pixel to the motion vector of each pixel.
Based on the motion vector viewpoint, we do not
need to solve the equation parameters, and still
achieve the same warping purpose [2, 6, 9]. The
Eqg. (1) can be transformed to the following form:

U(x,y) =CR,(x,y)*u, + CRy(x, ¥)*Ug +CRy(x, y)*Uc +CRy(x, y)*uy,
U(x,Y)=CR (%, y)*v, +CRy(x,y)*V5 + CRy(x,y)*Ve + CRy (%, y)*v5

)
where u(x,y)=x’-x and v(x,y)=y’-y denote the
motion components at (x,y) in the horizontal and

the vertical directions respectively. (Ua, Ug, Uc, Up)
and (va, Vs, V¢, Vp) denote the motion
components in the horizontal and the vertical
direction at the vertices of the quadrilateral patch
as shown in Fig. 8.

In Eqg. (2), the motion components at point
(x,y) are regarded as the addition of the motion
components at four vertexes multiplied with the
corresponding  coefficients [12]. The four
coefficients are named the control rates of the
four vertices within the patch. They are given by

O A G h
CRB(x,y):[l ((X —Xxs)j*(l (y Y ]
cReln)=[1- o1

)

(X XD)J [ y Yo
CRy(x,y)=[1- 1-
(X y) ( (X _x (yB (3)
The value of the control rate ranges from 0
to 1. Fig. 9 shows the control rate from node A
within a patch in which the brightest indicates the

control rate 1 and the darkest indicates the
control rate is 0.

3.3 The Control Rate of the Three Types of
Nodes
In the following, the control rate for each
type of node is calculated. The CR'j(x,y) denotes
the control rate of node j at position (X, y) in
patch i.

(a). The control rate of a GN:

Fig. 10(a) shows a GN Q joined by four
patches of equal size. The control polygon of
node Q consists of four parts: patch “0”(DOQP),
patch “1”(OERQ), patch “2”(QRHS) and patch
“3”(PQSG) respectively. Since the four patches
are of the same size, CR'o(X,y), i=0, 1, 2, 3 are
simply given by

CRS (x, Y)Z[l_ﬁ] { MJ
CR (x y)—[l‘ f(XE _X;Q)j*[l_ (yyg_—yjo)]
CRé(x,y)—[l‘ )(:;_X;Q) ]*[1_ gi—yjo)]
CR ¢ (x y)—(l S;__X:Q)J*[l Efi_—y;o)J 4
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Fig. 10(b) shows the control rate of node Q.

(b). The control rate of a SN:

Fig. 11(a) shows a SN L joined by four
patches of different sizes. The control polygon of
node L consists of four parts: patch “0”(BJLK),
patch “1”(JCML), patch “2”(LMFN) and patch
“3”(TLWV). Since the four patches joining node
L are of different size, the control rate of L will
be affected by nodes T and W. For this reason,
CR'L(x,y), i=0, 1, 2, 3 are determined according
to the following three steps:

Step 1: Calculates CR'.(xy), i=0, 1, 2, 3 by
neglecting the effect due to nodes T and W. That
is,

oRE(x MlHNl )

CRi(x,y):( =) ] ( (y Vi J
e =)
CRZ(x,y)= (1-&7)&)] (1 (y Yo ]

(%)

The result is shown in Fig. 11(b) in which
discontinuities are seen and the control rate of
node L at nodes T and W are not zero.

Step 2: Calculate the control rate of node T in
patch O and the control rate of node W in patch 2
that match the control rate produced by node L at
T and W respectively. Because the layer of nodes
T and W are one more than the layer of node L.
The control area of T and W is smaller than the L
does. Four points T’(Xor,Yor), T (Xi1,Y11),
W’ (Xow,Yow) and W”(Xqw,Y1w) are introduced to
compute the control rate as shown in Fig. 11(a).
That is,

O R e e (e

ot ~ Xr yOT_yT)

vy

oRy )= [ontte v M- 2 o120,
R

oRi )= rt oy ) (122 (-2
X< X,

)

J
)

CRZ (%, y) = [CRZ (%, v )] [1* (EL_—XZZW) )j*[lf (STW_—yv;w) )J
x>,
(6)

Fig. 11(c) shows the control rate of node T in
patch 0.

Step 3: Deduce the effects produced by nodes T
and W from the control rate of node L. That is,

S e =)
e e e e

B [1_ (X

(yfyT)J

Yor — yT)

S oysy
)
ettt )
IR
enien)=[1- 2 i- %)
ente)= (1= ) 650

(=)

N O

X< Xy

e =%

Yow _yw)

pem)eo-

CR(

( ]*(1 (Y-, )
XF XL YF YL

- ﬁml o BJ [“(ifwf—xﬁvv))j*{l’(

X > Xy

(yfyw)j

Yw — yw)

entte)=[1- 22 {i-2)
()
Fig. 11(d) shows the control rate of node L
after considering the effect due to nodes T and W.
The discontinuities of Fig. 11(b) are removed and
the control rate of node L at nodes T and W are
zero in Fig. 11(d).

(c). The control rate of a BN:

Fig. 12(a) shows a BN K joined by three
patches of different size. According to the layer
of node K, a point K’(Xok,Yox) is placed for
describing the control polygon of K. The control
polygon of node K consists of three parts: patch
“0”(K’BEQ), patch “1”(BJLK) and patch
“2”(KTVU). Since the three patches joining node
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K are of different sizes, the control rate of K will
be affected by nodes U and T. That is like the SN
L affected by nodes T and W in the case (b). Four
points U’(Xou,You), U”(Xw,Y1u), T’ (Xor.Yor) and
T”(X17,y17) are generated to compute the control
rate as shown in Fig. 12(a). CR'«(x,y), i=0, 1, 2,
are determined according to the three steps
described in the case (b) and the results are given
(y-ve) j

by
CR(x,y)= [1‘ (iZKif;Z)J*[l_ (Yox = Y«)
. (E()::X;K))]*(lf (y-ye) j

SRl Y)z(l (Yo - y«)

DG e O v (e ]

X < X

X <X X,
0 _ (X_XK) * (y_yK)
CRK(X'Y%[L (%, —XK)] [17 (vo - yK)j
_ _(XU_XK)J*[ _(YU_YK)]*[ _ (X_XU)]*[ _ (y_YU)J
[1 (Xofo) ! (yo*YK) ! (Xlufxu) ! (Y1u*yu)
X>Xy
(x — _(X_XK) * _(y_yK)
o )= (1- 2 (- %)
_ _(XT_XK) * _(yT_YK) *|1_ (X_XT) x| 1 (y—)’r)
(1 (XJ’XK)j (1 (YJ’YK)] [1 (XOT’XT)j (1 (YUT’yT)]
y<y,

R (e s

8 G | O v (L R )

y>Yr

2 - =% Vuf, - =y
om0 =(1- G- )
(8)

Fig. 12(b) shows the control rate of node K
by neglecting the effect due to nodes U and T. Fig.
12(c) shows the control rate of node T in patch 1.
Fig. 12(d) shows the control rate of node K after
considering the effect due to nodes U and T. The
discontinuities of Fig. 12(b) are removed and the
control rate of node K at nodes U and T are zero
in Fig. 12(d).

4. Experimental Results

We implement the image warping by the
control rate derived in section 3. The Nth and
(N+1)th frames are shown in Fig. 13(a) and (b)

respectively. Figs. 13(a) and (b) show a
zooming-in scene in which the ball is rising and
the player’s right hand is moving up. The mesh
with 500 nodes is shown in Fig. 13(c) and the
PSNR of the reconstructed frame that is 30.24 db
is shown in Fig. 13(d). Figs. 14(a) and (b) show a
shifting scene with no moving object. The mesh
with 1000 nodes is shown in Fig. 14(c) and the
PSNR of the reconstructed frame that is 27.17 db
is shown in Fig. 14(d).

5. Conclusion

The quad-tree structure has often been used
to decompose an image. Three types of nodes are
generated in the quad-tree structure. In this paper,
we derived the control rates for these three types
of nodes. The warping from a regular mesh can
be accomplished by using the control rate of the
three types of nodes easily. The image warping
from a non-regular mesh can also be
accomplished by using the control rate of an
intermediate regular mesh with both forward
warping and backward warping.
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Fig. 1 A deformable mesh

(M-1) th Frame ITth Frame
(a)
(I-13 th Frame Ith Frame
(b)
Fig. 2 (a) Forward warping (b) Backward
warping
Layer L

2

Layer L+1 | Layer L+1 l

Laver L+1 | Layer L+1 W

< Nodes with Layer L
® Nodes with Layer L+1

Fig. 3 llustration of quad-tree
decomposition

G S o I
Fig. 4 A mesh in quad-tree representation

2007 International Conference on Advanced Information Technologies (AIT)



2007 & Fzu LR P FEFT i~ R

Forward Wa.rpmg

78 Ay B (s, 55)
(u(z,y)7(x,5)) (ug.vg)
“.
(x.¥)
(up.vp) (e
Nth Frame (74 1)th Frame Dizp.50) Clzeye)

Fig. 8 An example of motion vectors in a patch.
Backward Warping
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Nth Frame intermediate rectangular mesh  (M+1)th Frame
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Fig. 5 (a) Direct image warping between two
non-regular meshes.
(b) Indirect image warping between two Diza) Clred
non-regular meshes.

Fig. 9 The control rate of node A within a

patch.
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Fig. 6 Three types of nodes defined in the mesh.
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Fig. 7 The warping using bilinear (b)
transformation

Fig. 10 (a) The control polygon of GN Q
indicated by the gray area.

(b) The control rate of node Q.
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(c) (d)

Fig. 11 (a) The control polygon of SN L indicated by the gray area. (b) The initial control rate of
node L. (c) The affected quantity of node T. (d) The resulting control rate of node L.

T
(b)
i

i
(d)

Fig. 12 (a) The control polygon of BN K indicated by the gray area. (b) The initial control rate of
node K. (c) The affected quantity of node T (d) The resulting control rate of hode K.
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Fig. 13 (a) the Nth frame, (b) the (N+1)th frame, (c) the mesh with 500 nodes, (d) the
reconstructed frame

Fig. 14 (a) the Nth frame, (b) the (N+1)th frame, (c) the mesh with 1000 nodes, (d) the
reconstructed frame
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